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Abstrat
In this paper we formulate a weighted version of minimum problem
(1.4) on the sphere and we show that, for K ≤ L, if {ϕk}Kk=1 onsists
of the spherial funtions with degree less than N we an loalize the
points (ξ1, . . . , ξL) on the sphere so that the solution of this problem
is the simplest possible. This loalization is onneted to the disrete
orthogonality of the spherial funtions whih was proved in [3℄. Using
these points we onstrut a frame system and a wavelet system on
the sphere and we study the properties of these systems. For K > L a
similar onstrution was made in paper [4℄, but in that ase the solution
of the minimum problem (1.4) is not as eient as it is in our ase.
The analogue of Fejér and de la Valée-Poussin summation methods
introdued in [3℄ an be expressed by the frame system introdued in
this paper.
1
1 Approximation on the sphere
Let S
2
denote the three dimensional unit sphere, let ν be a nite dimensional
subspae of L2(S2) with dimν = K. With respet to a basis {ϕk}Kk=1 of ν
any f ∈ ν has a unique representation
f =
K∑
k=1
akϕk, ak ∈ C. (1.1)
For ξl ∈ S2, l = 1, . . . , L let suppose that we know the values of f(ξl),
l = 1, . . . , L.
Denote by
f := (f(ξ1), . . . , f(ξL))
T ∈ CL, (1.2)
and
Φ :=

ϕ1(ξ1) . . . ϕK(ξ1)..
.
.
.
.
ϕ1(ξL) . . . ϕK(ξL)

 ∈ CL×K . (1.3)
Let us onsider the approximation problem:
Find a˜ ∈ CK with ‖f −Φa˜‖2 ≤ ‖f −Φa‖2 for all a ∈ CK (1.4)
or, equivalently, min
a∈Ck
‖f −Φa‖2, where ‖ ◦ ‖2 denotes the normal eulidian
norm. For K ≤ L the solution of the approximation problem (1.4) an
be found using the least squares method, and a˜ is solution of the normal
equations
Φ
H
Φa = ΦHf . (1.5)
Assuming that the matrix Φ has full rank, i.e. rank(Φ) = K we obtain that
a = (ΦHΦ)−1ΦHf . (1.6)
If number K is large, then the diulty in omputations is the determination
of (ΦHΦ)−1, whih needs a great number of operations.
Problem. The question is: for a given system {ϕk}Kk=1 how to hoose
(ξ1, . . . , ξL) so that the omputation of (Φ
H
Φ)−1 to be not diult. The
most simplest ase is if for a good hoie of (ξ1, . . . , ξL), the matrix (Φ
H
Φ)−1
is equal by the identity matrix.
In what follows we will show that, for K ≤ L, if {ϕk}Kk=1 onsists of
the spherial funtions with degree less than N we an loalize the points
(ξ1, . . . , ξL) in this way. This loalization is onneted to the disrete or-
thogonality of the spherial funtions. Using these points we will onstrut
a frame system and a wavelet system on the sphere and we will study the
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properties of these systems. For K > L a similar onstrution was made
in paper [4℄, but in that ase the solution of the minimum problem (1.4) is
not as eient as it will be in our ase. The analogue of Fejér and de la
Valée-Poussin summation methods introdued in [3℄ an be expressed by the
frame system introdued in this paper.
2 Spherial harmonis of degree n
Spherial harmonis play an important role in Fourier analysis. They are
restritions to the sphere S
2
of homogeneous polynomials that are solutions
of the 3 dimensional Laplae equation.
Let denote by ξ = (sin θ cosϕ, sin θ sinϕ, cos θ) ∈ S2 and f : S2 → C, f(ξ) =
f(sin θ cosϕ, sin θ sinϕ, cos θ).
The set of n degrees spherial harmonis is denoted by Hn, with
dim(Hn) = 2n+ 1. (2.1)
For arbitrary n ∈ N the funtions
Ynk(θ, ϕ) :=
√
2n+ 1 · P|k|n (cos θ) eikϕ, k = −n, . . . , n (2.2)
are alled the spherial polynomials (funtions) of order n, where P
|k|
n are
the assoiate Legendre polynomials. The spherial polynomials of order n
onstitute an orthonormal basis for Hn, where the ortogonality is with re-
spet to the salar produt indued by the following (ontinuous) measure
on the unit sphere
∫
S2
f(ξ) dξ :=
1
4pi
2pi∫
0
pi∫
0
f(θ, ϕ) sin θ dθ dϕ, (2.3)
namely
〈Ynk, Yml〉 = 1
4pi
2pi∫
0
pi∫
0
Ynk(θ, ϕ)Yml(θ, ϕ) sin θ dθ dϕ = δmnδkl
(where δmn is the Kroneker symbol).
The addition theorem for spherial harmonis is
n∑
k=−n
Ynk(ξ)Ynk(η) = (2n+ 1)Pn(ξ · η), ξ, η ∈ S2, (2.4)
where Pn is the Legendre polynomial of nth degree.
The funtion Kn : S
2 × S2 → R,
Kn(ξ, η) = (2n+ 1)Pn(ξ · η) (2.5)
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is alled reproduing kernel beause it has the following reproduing prop-
erty: for arbitrary f ∈ Hn,
〈f,Kn(·, η)〉 = f(η), with η ∈ S2. (2.6)
3 Disrete orthogonality of spherial funtions
In paper [3℄ we proved that it an be onstruted a set of points in [0, pi] ×
[0, 2pi] and a disrete measure, so that the orthonormality property of spheri-
al funtions regarding to the salar produt, indued by the disrete measure
is preserved. In what follows we summarize these results.
Let denote by λNk ∈ (−1, 1), k ∈ {1, . . . , N} the roots of Legendre polyno-
mials PN of order N, and for j = 1, . . . , N let
lNj (x) =
(x− λN1 ) . . . (x− λNj−1)(x− λNj+1) . . . (x− λNN )
(λNj − λN1 ) . . . (λNj − λNj−1)(λNj − λNj+1) . . . (λNj − λNN )
, (3.1)
be the orresponding fundamental polynomials of Legendre interpolation.
Denote by
ANk :=
1∫
−1
lNk (x) dx (1 ≤ k ≤ N) (3.2)
the orresponding Cristoelnumbers. Let onsider the set of nodal points
X :=
{
zkj = (θk, ϕj) =
(
arccos λNk ,
2pij
2N + 1
)
: k = 1, N, j = 0, 2N
}
(3.3)
and the weights
µN (zkj) :=
ANk
2(2N + 1)
. (3.4)
These weights are positive numbers (see [2℄). On the set X we onsider the
following disrete integral
∫
X
f dµN :=
N∑
k=1
2N∑
j=0
f(zkj)µN (zkj) =
N∑
k=1
2N∑
j=0
f(θk, ϕj)
ANk
2(2N + 1)
. (3.5)
Theorem 3.1 ([3℄) Let N ∈ N, N ≥ 1, then the nite set of normalized
spherial funtions{
Ynk : S
2 → C : k ∈ {−n, . . . , n} , n ∈ {0, . . . , N − 1}
}
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form an orthonormal system on the set of modal point X regarding to the
disrete integral (3.5), i.e.,∫
X
YnkYn′k′ dµN = δnn′δkk′ , n, n
′ < N, k ∈ {−n, . . . , n} , k′ ∈ {−n′, . . . , n′} .
(3.6)
Theorem 3.2 ([3℄) For all f ∈ C(S2),
lim
N→∞
∫
X
f dµN =
∫
S2
f dµ .
4 Approximation on the sphere orresponding to
points determined by disretisation proess
Let loalize ξ on the sphere in the following way:
X ′ =
{
ξkj = (sin θk cosϕj , sin θk sinϕj , cos θk) ∈ S2 :
(θk, ϕj) ∈ X, k = 1, N, j = 0, 2N
}
. (4.1)
This set onsists of L = N(2N + 1) points.
Suppose that we an measure the values of f on the set X ′, namely we know
f = (f(ξ10), . . . , f(ξN2N ))
T
.
Let introdue the following notations:
IN :=


√
µN (ξ10) 0 0 . . . 0
0
√
µN (ξ11) 0 . . . 0
.
.
.
.
.
.
0 0 0 . . .
√
µN (ξN2N )

 ∈ML×L,
f1 = IN f =
(√
µN (ξ10)f(ξ10), . . . ,
√
µN (ξN2N )f(ξN2N )
)T
,
gnk(ξ) = Ynk(ξ)
√
µN (ξ), n ∈ {0, 1, . . . , N − 1}, k ∈ {−n, . . . , n},
Φ1 = INΦ =


g00(ξ10) g1 − 1(ξ10) . . . gN − 1N − 1(ξ10)
g00(ξ11) g1 − 1(ξ11) . . . gN − 1N − 1(ξ11)
.
.
.
.
.
.
.
.
.
g00(ξN2N ) g1 − 1(ξN2N) . . . gN − 1N − 1(ξN2N )

 ∈ML×N2 .
Let formulate the following weighted minimum problem:
5
nd a˜ so that min
a∈CN2
‖f1 −Φ1a‖ = ‖f1 −Φ1a˜‖. The solution a˜, aording
to (1.6) is
a˜ =
(
(INΦ)
H(INΦ)
)−1
(INΦ)
H
f1.
We show that in this ase
(
(INΦ)
H(INΦ)
)
is the N2 dimensional identity
matrix, so the omputation of a˜ is the most simplest possible. Indeed, denote
(INΦ)
H(INΦ) =
 A(0, 0; 0, 0) . . . A(0, 0; N − 1, N − 1)..
.
.
.
.
A(N − 1, N − 1; 0, 0) . . . A(N − 1, N − 1; N − 1, N − 1)

 ∈MN2×N2 ,
where
A(n, k; n′, k′) = Ynk(ξ1,0)Yn′k′(ξ1,0)µN (ξ1,0)+. . .+Ynk(ξN,2N )Yn′k′(ξN,2N )µN (ξN,2N ).
From (3.6) and the disrete orthogonality of spherial funtions it follows
that
A(n, k; n′, k′) =
∫
X
YnkYn′k′ dµN = δnn′δkk′ ,
n, n′ ∈ {1, . . . , N − 1} k ∈ {−n, . . . , n}, k′ ∈ {−n′, . . . , n′},
from this it follows that
(INΦ)
H(INΦ) =


1 0 . . . 0
0 1 . . . 0
.
.
.
.
.
.
0 0 . . . 1

 ∈MN2×N2 .
From (1.7) and (3.5) it follows that
a˜ = (INΦ)
H
f1 =


∫
X
Y00f dµN∫
X
Y1−1f dµN
.
.
.∫
X
YN−1N−1f dµN


.
whih means that that the omponents of a˜ are exatly the disrete Laplae-
Fourier oeients of f . In this ase the best approximant an be expressed
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using the reproduing kernels Kn(ξ, η), namely
f˜ = Φ1a˜ =


∫
X
N−1∑
n=0
(Kn(ξ1,0, η))
√
µN (ξ1,0)f(η) dµN(η)
∫
X
N−1∑
n=0
(Kn(ξ1,1, η))
√
µN (ξ1,1)f(η) dµN(η)
.
.
.∫
X
N−1∑
n=0
(Kn(ξN,2N , η))
√
µN (ξN,2N )f(η) dµN(η)


.
This gives the idea to study the properties of the set of funtions{√
µN (ξNl,m)ϕj(·, ξNl,m) : ξNl,m ∈ X ′
}
,
where
ϕj(·, ξNl,m) =
mj−1∑
n=0
n∑
k=−n
Yn,k(ξ
N
l,m)Yn.k(·) =
mj−1∑
n=0
Kn(·, ξl,m), (4.2)
{mj}∞j=1 is a stritly monotone inreasing sequene of positive integers, j0 so
that mj ≤ N , if j ≤ j0. We will show that with this systems we an generate
a multiresolution deomposition in the spae of spherial polynomials of de-
gree N , they onstitute a frame system at every level of the multiresolution,
and they generate a wavelet deomposition on the sphere.
5 Multiresolution deomposition and wavelet spaes
on the sphere using the nodal points determined
by X
Denition 5.1 A sequene {ν j}j∈N of nite dimensional subspaes of L2(S2)
will be alled a multiresolution of L2(S2) if the following onditions are sat-
ised:
ν j ⊂ ν j+1 for all j ∈ N, (M1)
closure

⋃
j∈N
ν j, ‖ ◦ ‖

 = L2(S2). (M2)
Usually, a denition of multiresolution inludes a ondition on the interse-
tion of the spaes ν j . From (M1) it follows immediately that⋂
j∈N
ν j = ν0.
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We dene the wavelet spaes νν j as the orthogonal omplements of ν j in
ν j+1, i.e.
νν j := ν j+1 ⊖ν j, (5.1)
whih means that
ν j+1 = ν j ⊕νν j . (5.2)
Lemma 5.1 Let {ν j}∞j=1 be a multiresolution analysis of L2(S2) and for
j ∈ N let νν j be the orresponding wavelet spaes dened by (5.1). With
νν0 := ν1 we have
L2(S2) =
∞⊕
j=0
νν j. (5.3)
Dening the operators Rj and Qj to be orthogonal projetions Rj : L
2(S2)→
ν j and Qj : L2 → νν j , j ∈ N we have
Rj+1 = R1f +
j∑
k=1
Qkf (5.4)
for f ∈ L2(S2) . We will study an approximation proess on the sphere based
on harmoni polynomials.
Theorem 5.1 Every harmoni polynomial of degree N over the sphere S2
an be written as a sum of spherial harmonis of degree N , i.e.
ΠN (S
2) =
N⊕
n=0
Hn. (5.5)
Partiularly, any funtion f ∈ L2(S2) an be approximated by spherial har-
monis in L2(S2)sense up to arbitrary preision. From L2(S2)orthonormality
of the spae Hn for n ∈ N we obtain the dimension
dimΠN−1(S
2) =
N−1∑
n=0
dimHn =
N−1∑
n=0
(2n+ 1) = N2. (5.6)
In the nite dimensional Hilbert spae Hn with the inner produt L2(S2)
any funtion Yn ∈ Hn an be represented with respet to an orthonormal
basis {Ynk}nk=−n as a LaplaeFourier sum
Yn =
n∑
k=−n
〈Yn, Ynk〉Ynk. (5.7)
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Finally, any Y ∈ ΠN−1 an be written as
Y (η) =
N−1∑
n=0
n∑
k=−n
〈Y, Ynk〉Ynk(η). (5.8)
Beause of the disrete orthonormality of spherial harmonis the Laplae
Fourier oeients αnk := 〈Y, Ynk〉 an be omputed using the disrete inte-
gral, namely
αnk = 〈Y, Ynk〉X =
∫
X
YnkY dµN =
N∑
k′=1
2N∑
j=0
Y (θk′ , ϕj) · Ynk(θk′ , ϕj)µN (zk′j). (5.9)
This means that if we know the values of Y ∈ ΠN−1 on the set X then
we an ompute the exat values of ontinuous Laplae-Fourier oeients
of Y , onsequently we know the values of Y on the whole sphere. This
makes possible to develop a onstrution of weighted saling funtions in
ase K ≤ L, whih is analogous to that of J. Prestin and M. Conrad [4℄ for
K > L.
Substituting αn,k in (5.8) we obtain that
Y =
N−1∑
n=0
n∑
k=−n
〈Y, Ynk〉X Ynk, Y ∈ ΠN−1(S2). (5.10)
From (5.8), (5.10) and using notation (2.4), (2.6) we obtain the following
reproduing formulas in the spae ΠN−1(S
2). Any Y ∈ ΠN−1(S2) an be
written in following two ways:
Y (η) =
〈
Y (·),
N−1∑
n=0
Kn(·, η)
〉
=
〈
Y (·),
N−1∑
n=0
Kn(·, η)
〉
X
. (5.11)
Let {mj}∞j=1 be a stritly monotone inreasing sequene of positive integers.
Then the spaes ν j = Πmj−1(S
2) =
mj−1⊕
n=0
Hn, (j ∈ N) satisfy the following
onditions
1. ν j ⊂ ν j+1, j ∈ N
2. closure
(⋃∞
j=1ν j , ‖ ◦ ‖
)
= L2(S2).
Thus {ν j}∞j=1 is a multisale deomposition of L2(S2). We will hoose from
ν1 the saling funtions {
Ynk
}m1−1;n
n=0;k=−n
,
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and the set of nodal points X ′ on S2, orresponding to the set X from setion
2.
Let onsider j0 so that mj ≤ N , if j ≤ j0. For the sale ν j we introdue the
saling funtions
ϕ˜j =
mj−1∑
n=0
n∑
k=−n
Ynk (5.12)
and the weighted saling funtions from ν j
ϕj(·, ξNl,m) =
mj−1∑
n=0
n∑
k=−n
Ynk(ξ
N
l,m)Ynk(·), (5.13)
where ξNl,m ∈ X ′ are dened by (4.1).
The advantage of this hoie is the following: beside the ontinuous orthonor-
mality of the spherial funtions of degree less then N they have the disrete
orthonormality property on set X.
In this way on the jth sale the number of the weighted saling funtions
is equal to the number of the points on whih we measure the funtions,
namely L = N(2N + 1). From (2.4) and (2.6) it follows that
ϕj(·, ξNlm) =
mj−1∑
n=0
(2n + 1)Pn(·, ξNlm) =
mj−1∑
n=0
Kn(·, ξNlm) (5.14)
are real valued.
We summarize some properties of the funtions ϕj(·, ξNlm) in the next result.
Theorem 5.2
1. The funtions ϕj(·, ξNlm) have the reproduing property〈
f, ϕj(·, ξNlm)
〉
= f(ξNlm) for all f ∈ ν j, j ≤ j0〈
f, ϕj(·, ξNlm)
〉
X
= f(ξNlm).
2. It holds ‖ϕj(·, ξNlm)‖ = mj , ϕj(ξNlm, ξNlm) = m2j , ‖ϕj(·, ξNlm)‖X = mj.
3. The funtion ϕj(·, ξNlm) is loalized around ξNlm, i.e.
‖ϕj(·, ξNlm)‖
ϕj(ξNlm, ξ
N
lm)
= min
{
‖f‖ : f ∈ ν j, f(ξNlm) = 1
}
.
4. We have span
{
ϕj(·, ξNlm) | ξNlm ∈ X ′
}
= ν j , j ≤ j0.
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5. The set
{√
µN (ξNlm)ϕj(·, ξNlm) : ξNlm ∈ X ′
}
is a tight frame in ν j,
j ≤ j0, i.e. for every funtion f ∈ ν j we have
‖f‖2 =
N∑
l=1
2N∑
m=0
µN (ξ
N
lm)
∣∣〈f, ϕj(·, ξNlm)〉∣∣2 .
6. ∫
S2
ϕj(ξ, ξ
N
lm) dω(ξ) = 1,
∫
X2
ϕj(ξ, ξ
N
lm) dω(ξ) = 1 mj ≤ N.
Proof
1. On the base of (5.8), every f ∈ ν j = Πmj−1(S2) an be written as
f(η) =
mj−1∑
n=0
n∑
k=−n
〈f, Ynk〉Ynk(η).
Then
〈
f, ϕj(·, ξNlm)
〉
=
mj−1∑
n=0
n∑
k=−n
〈f, Ynk〉
〈
Ynk, ϕj(·, ξNlm)
〉
=
mj−1∑
n=0
n∑
k=−n
〈f, Ynk〉
mj−1∑
n′=0
n∑
k′=−n
〈Ynk, Yn′k′〉Yn′k′(ξNlm).
Using the orthonormality property (2.3) we obtain that
〈
f, ϕj(·, ξNlm)
〉
=
mj−1∑
n=0
n∑
k=−n
〈f, Ynk〉Ynk(ξNlm) = f(ξNlm).
Using the disrete orthonormality (3.6) in an analogous way we obtain
that 〈
f, ϕj(·, ξNlm)
〉
X
= f(ξNlm).
2.
‖ϕj(·, ξNlm)‖2 =
〈
ϕj(·, ξNlm), ϕj(·, ξNlm)
〉
= ϕj(ξ
N
lm, ξ
N
lm) =
mj−1∑
n=0
n∑
k=−n
Ynk(ξ
N
lm)Ynk(ξ
N
lm) =
mj−1∑
n=0
(2n + 1)Pn(ξ
N
lm · ξNlm) =
mj−1∑
n=0
(2n+ 1)Pn(1) =
mj−1∑
n=0
(2n+ 1) = m2j .
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3. Let f ∈ ν j with f(ξNlm) = 1. Then
1 =
mj−1∑
n=0
n∑
k=−n
αnk(f)Ynk(ξ
N
lm). (5.15)
Applying the Cauhy-Shwarz inequality we obtain that
1 ≤ (mj−1∑
n=0
n∑
n=−n
|αnk(f)|2
)(mj−1∑
n=0
n∑
k=−n
Ynk(ξ
N
lm)Ynk(ξ
N
lm)
)
, (5.16)
with equality attained for f˜ , for whih the vetors{
αnk(f˜)
}mj−1;n
n=0;k=−n
,
{
Ynk(ξ
N
lm)
}mj−1;n
n=0;k=−n
satisfy the following onditions: there exists a onstant α ∈ C suh
that αnk(f˜) = αYnk(ξ
N
lm) for n = 0,mj − 1, k = −n, n.
From 2. we dedue that α = 1
m2j
, and the orresponding f˜ = 1
m2j
ϕj(·, ξNlm).
For all f ∈ ν j with f(ξNlm) = 1, from (5.16) and the Parseval's equation
it follows that ‖f‖2 ≥ ‖f˜‖2 = 1
m2j
.
Thus
min{‖f‖ : ϕ ∈ ν j, f(ξNlm) = 1} =
1
mj
=
‖ϕj(·, ξNlm‖)
ϕj(ξNlm, ξ
N
lm)
.
4. Writing f ∈ ν j as its FourierLaplae sum
f =
mj−1∑
n=0
n∑
k=−n
αnk(f)Ynk,
on the base of (5.9), αnk an be omputed as
αnk(f) =
N∑
k′=1
2N∑
j=0
f(ξNk′j) · Ynk(ξNk′j)µN (ξNk′j).
This means that
f(ξ) =
mj−1∑
n=0
n∑
k=−n

 N∑
k′=1
2N∑
j=0
f(ξNk′j)Ynk(ξ
N
k′j)µN (ξ
N
k′j)

Ynk(ξ) =
N∑
k′=1
2N∑
j=0
f(ξNk′j)ϕj(ξ, ξ
N
k′j) · µN (ξNk′j) = 〈f(·), ϕj(ξ, ·)〉X . (5.17)
Hene ν j is spanned by the funtions ϕj(·, ξNk′j), ξNk′j ∈ X ′, j ≤ j0 < N .
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5. For every funtion f ∈ ν j we write
‖f‖2 = 〈f, f〉 =
mj−1∑
n=0
n∑
k=−n
αnk(f) 〈f, Ynk〉 .
From (5.17) it follows that
‖f‖2 =
mj−1∑
n=0
n∑
k=−n
N∑
k′=1
2N∑
j=0
αnk(f)f(ξ
N
k′j)µN (ξ
N
k′j)
〈
ϕj(·, ξNk′j), Ynk
〉
.
Using 1. we obtain that
〈
ϕj(·, ξNk′j), Ynk
〉
= Ynk(ξk′j) and f(ξ
N
k′j) =〈
f, ϕj(·, ξNk′j)
〉
, then
‖f‖2 =
mj−1∑
n=0
n∑
k=−n
N∑
k′=1
2N∑
j=0
αnk(f)
〈
f, ϕj(·, ξNk′j)
〉
Ynk(ξk′j)µN (ξ
N
k′j) =
N∑
k′=1
2N∑
j=0
〈
f, ϕj(·, ξNk′j)
〉
µN (ξ
N
k′j)
mj−1∑
n=0
n∑
k=−n
αnk(f)Ynk(ξ
N
k′j) =
N∑
k′=1
2N∑
j=0
〈
f, ϕj(·, ξNk′j)
〉
f(ξNk′j)µN (ξ
N
k′j) =
N∑
k′=1
2N∑
j=0
〈
f, ϕj(·, ξNk′j)
〉 〈
f, ϕj(·, ξNk′j)
〉
µN (ξ
N
k′j) =
N∑
k′=1
2N∑
j=0
∣∣∣〈f,√µN (ξNk′j)ϕj(·, ξNk′j)〉∣∣∣2 .
This means that {√
µN (ξ
N
lm)ϕj(·, ξNlm), ξNlm ∈ X
}
is a tight frame in ν j with frame bound A = 1.
6. From the orthonormality property (3.6) and taking into aount that
13
Y00(ξ) = 1 we have∫
S2
ϕj(ξ, ξ
N
lm) =
∫
S2
mj−1∑
n=0
n∑
k=−n
Ynk(ξ
N
lm)Ynk(ξ) dω(ξ) =
mj−1∑
n=0
n∑
k=−n
Ynk(ξ
N
lm)
∫
S2
dω(ξ)Y00(ξ)Ynk(ξ) =
mj−1∑
n=0
n∑
k=−n
Ynk(ξ
N
lm)δ0nδ0k = 1.
The proof regarding to the disrete integral
∫
X
ϕj(·, ξNlm) is analogous.
We mention that for the speial hoie mj = j, with the orresponding frame
system {√
µN (ξNlm)ϕj(·, ξNlm), ξNlm ∈ X
}
,
the analogue of Fejér and de la Valée-Poussin summation methods introdued
in [3℄ an be expressed.
6 The harmoni polynomial wavelet spae
We dene the wavelet spae νν j , j ∈ N, j ≤ j0 − 1 as the diret sum
νν j =
mj+1−1⊕
n=mj
Hn. (6.1)
The dimension of νν j is dimνν j = dimν j+1 − dimν j = m2j+1 −m2j . Let
onsider the wavelets ψ˜j for νν j
ψ˜ =
mj+1−1∑
n=mj
n∑
k=−n
Ynk (6.2)
and the weighted wavelets
ψj(·, ξNlm) =
mj+1−1∑
n=mj
n∑
k=−n
Ynk(ξ
N
lm)Ynk ∈ νν j, ξNlm ∈ X ′. (6.3)
From the addition theorem (2.4) it follows that
ψj(·, ξNlm) =
mj+1−1∑
n=mj
n∑
k=−n
(2n + 1)Pn(·, ξNlm), (6.4)
onsequently ψj(·, ξNlm), with ξNlm ∈ X ′ is real valued. We summarize the
properties of ψj(·, ξNlm) in the following theorem.
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Theorem 6.1
1. For every f ∈ νν j , j ≤ j0 − 1 and ξNlm ∈ X ′ there are valid the
reproduing properties 〈
f, ψj(·, ξNlm)
〉
= f(ξNlm),〈
f, ψj(·, ξNlm)
〉
X
= f(ξNlm).
2. The following orthogonality properties hold:〈
ϕj(·, ξNlm), ψj(·, ξNpq)
〉
= 0,
〈
ϕj(·, ξNlm), ψj(·, ξNpq)
〉
X
= 0
ξNlm, ξ
N
pq ∈ X ′, ξNlm 6= ξNpq.
3. It holds
‖ψj(·, ξNlm)‖ =
√
m2j+1 −m2j , ψj(ξNlm, ξNlm) = m2j+1 −m2j .
4.
‖ψj(·, ξNlm)‖
ψj(ξNlm, ξ
N
lm)
=
1√
m2j+1 −m2j
= min {‖f‖ : f ∈ νν j, f(ξNlm) = 1},
5.
span
{
ψj(·, ξNlm), ξNlm ∈ X ′
}
= νν j, j ≤ j0 − 1,
f(ξ) = 〈f, ψj(ξ, ·)〉X , f ∈ νν j , ξ ∈ S2, j ≤ j0 < N.
6. The set {√
µN (ξ
N
lm)ψj(·, ξNlm) : ξNlm ∈ X ′
}
is a tight frame in νν j, j ≤ j0, i.e. for every f ∈ νν j ,
‖f‖2 =
N∑
l=1
2N∑
m=0
µN (ξ
N
lm)|
〈
f, ϕj(·, ξNlm)
〉 |2.
7. ∫
S2
ψj(ξ · ξNlm) d(ξ) = 0,
∫
X
ψj(ξ · ξNlm) dµN(ξ) = 0, j ≤ j0 < N,mj > 1.
Proof
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1. Every f ∈ νν j an be written as
f =
mj+1−1∑
n=mj
n∑
k=−n
αnk(f)Ynk, αnk = 〈f, Ynk〉 ,
hene the salar produt it is equal to:
〈
f, ψj(·, ξNlm)
〉
=
mj+1−1∑
n=mj
n∑
k=−n
〈f, Ynk〉
〈
Ynk, ψj(·, ξNlm)
〉
=
mj+1−1∑
n=mj
n∑
k=−n
〈f, Ynk〉
mj+1−1∑
n′=mj
n′∑
k′=−n′
〈Ynk, Yn′k′〉︸ ︷︷ ︸
δnn′δkk′
Yn′k′(ξ
N
lm) =
mj+1−1∑
n=mj
n∑
k=−n
〈f, Ynk〉Ynk(ξNlm) = f(ξNlm).
For the disrete salar produt the proof is similar.
2. From the denition of ϕj , ψj and the ontinuous and disrete orthog-
onality of spherial funtions it follows these orthogonality properties.
Indeed, for the ontinuous ase we have:
〈
ϕj(·, ξNlm), ψj(·, ξNpq)
〉
=〈mj−1∑
n=0
n∑
k=−n
Ynk(ξ)Ynk(ξ
N
lm),
mj+1−1∑
n′=mj
n′∑
k′=−n′
Yn′k′(ξ)Yn′k′(ξNpq)
〉
=
mj−1∑
n=0
n∑
k=−n
mj+1−1∑
n′=mj
n′∑
k′=−n′
〈Ynk(ξ), Yn′k′(ξ)〉︸ ︷︷ ︸
δnn′ ·δkk′=0
Ynk(ξ
N
lm)Yn′k′(ξ
N
pq) = 0.
The proof for the disrete salar produt is analogous.
3.
‖ψj(·, ξNlm)‖2 =
〈
ψj(·, ξNlm), ψj(·, ξNlm)
〉
=
ψj(ξ
N
lm, ξ
N
lm) =
mj+1−1∑
n=mj
n∑
k=−n
Y (ξNlm)Y (ξ
N
lm) =
mj+1−1∑
n=mj
(2n + 1)Pn(ξ
N
lm · ξNlm)︸ ︷︷ ︸
1
=
mj+1−1∑
n=mj
(2n+ 1) = (mj+1)
2 −m2j .
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4. Let f ∈ νν j with f(ξNlm) = 1, then
1 =
mj+1−1∑
n=mj
n∑
k=−n
αnk(f)Ynk(ξ
N
lm). (6.5)
Applying the Cauhy-Shwarz inequality we obtain:
1 ≤ (mj+1−1∑
n=mj
(
n∑
k=−n
|αnk(f)|2
)(mj+1−1∑
n=mj
n∑
k=−n
Ynk(ξ
N
lm)Ynk(ξ
N
lm)
)
,
with equality for f˜ with
αnk(f˜) = αYnk(ξ
N
lm)
n = mj, . . . ,mj+1 − 1
k = −n, . . . , n
α ∈ C onstant. Then
f˜ = α
mj+1−1∑
n=mj
n∑
k=−n
Ynk(ξ
N
lm)Ynk(ξ
N
lm),
with α = 1
(m2j+1−m
2
j )
. If f ∈ νν j with f(ξNlm) = 1, then
‖f‖2 ≥ ‖f˜‖2 = 1
(m2j+1 −m2j )
.
Thus
min
{‖f‖ : f ∈ νν j, f(ξNlm) = 1} = 1√
(m2j+1 −m2j)
=
‖ψj(·, ξNlm)‖
ψj(ξ
N
lm, ξ
N
lm)
.
5. Writing f ∈ νν j , as its Fourier-Laplae sum
f =
mj+1−1∑
n=mj
n∑
k=−n
αnk(f)Ynk for mj+1 ≤ N,
αnk(f) = 〈f, Ynk〉X =
N∑
k′=1
2N∑
j=0
f(ξNk′j)Ynk(ξ
N
k′j)µN (ξ
N
k′j).
This means that
f(ξ) =
mj+1−1∑
n=mj
n∑
k=−n

 N∑
k′=1
2N∑
j=0
f(ξNk′j)Ynk(ξ
N
k′j)µN (ξ
N
k′j)

Ynk(ξ) =
N∑
k′=1
2N∑
j=0

mj+1−1∑
n=mj
n∑
k=−n
Ynk(ξ
N
k′j)Ynk(ξ)

 f(ξNk′j)µN (ξNn′j) = ∫
X
f(·)ψj(ξ, ·)dµN ,
(6.6)
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from this it follows that
span
{
ψj(·, ξNlm) : ξNlm ∈ X ′
}
= νν j if
mj+1 ≤ N
j ≤ j0 − 1 .
6.
‖f‖2 = 〈f, f〉 =
mj+1−1∑
n=mj
n∑
k=−n
αnk(f) 〈f, Ynk〉 =
mj+1−1∑
n=mj
n∑
k=−n
αnk(f)
〈
N∑
k′=1
2N∑
j=0
f(ξNk′j)ϕj(·, ξNk′j)µN (ξNk′j), Ynk
〉
=
mj+1−1∑
n=mj
n∑
k=−n
αnk(f)
N∑
k′=1
2N∑
j=0
f(ξNk′j)︸ ︷︷ ︸D
f,ϕj(·,ξNk′j)
E
〈
ϕj(·, ξNk′j), Ynk
〉︸ ︷︷ ︸
Ynk(ξk′j)
=
N∑
k′=1
2N∑
j=0
〈
f, ϕj(·, ξNk′j)
〉
µN (ξ
N
k′j)
mj+1−1∑
n=mj
n∑
k=−n
αnk(f)Ynk(ξk′j)
︸ ︷︷ ︸
f(ξN
k′j
)
=
N∑
k′=1
2N∑
j=0
〈
f, ϕj(·, ξNk′j)
〉
µN (ξ
N
k′j)
〈
f, ϕj(·, ξNk′j)
〉
=
N∑
k′=1
2N∑
j=0
∣∣∣〈f,√µN (ξNk′j)ϕj(·, ξNk′j)〉∣∣∣2 .
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